We consider the Hawking radiation from two regular black holes, the minimal model and the noncommutative black hole. The flux of Hawking radiation is derived by applying the anomaly cancellation method proposed by Robinson and Wilczek. Two regular black holes have the same radiation pattern except for the detailed expression for the Hawking temperature. The resulting flux of the energy-momentum tensor is shown to be precisely the same with the thermal flux from each regular black hole at the Hawking temperature.
Introduction
Hawking radiation is the quantum effect of fields in a classical space-time background with an event horizon [1] , and provides an key ingredient to understand the nature of black hole horizon. Since the quantum effect of gravity itself becomes no longer negligible near the black hole horizon, Hawking radiation also provides a basic information in formulating the theory of quantum gravity. Because of its importance, it may be useful to have various interpretations from various different angles, which may lead to some breakthrough in understanding the nature of black hole.
Recently, Robinson and Wilczek [2] came up with a new interpretation about the Hawking radiation. Their proposal is that the Hawking radiation plays the role of preserving general covariance at the quantum level by canceling the diffeomorphism anomaly at the event horizon. It should be noted that the proposal is supposed to be valid in any space-time dimension, contrary to the previous similar work [3] which is restricted to two-dimensional space-time.
For their formulation, Robinson and Wilczek considered the static and spherically symmetric black hole. Elaboration of the original idea and the extensions to more general black holes, the charged and rotating black holes, have been done in [4, 5] , where it has been shown that Hawking radiation is capable of canceling anomalies of local symmetries at the horizon. In subsequent works [6] - [27] , the method of anomaly cancellation has been applied to various black objects in various dimensions even including the black ring. (For a review, see Ref. [28] .) As some further elaborations, Hawking fluxes of higher-spin currents have been studied in [29] and some clarifications on the use of anomaly have been given in [30] .
All the results until now have given the expected Hawking fluxes and so put the validity of the method on a firmer footing.
In this paper, we consider another interesting class of black hole, the regular black hole, and study the Hawking radiation from it through the anomaly cancellation method. Let us note that one kind of regular black hole has been already explored [8] . It is the wellknown BTZ black hole in three space-time dimensions. What we are concerned about is the four-dimensional regular black hole. In fact, we consider two regular black holes, which are the minimal model [31] and the noncommutative black hole [32] . The noncommutative black hole is especially attractive, since it has a noncommutative parameter and how its effect appears in the Hawking radiation is an interesting issue. Although two regular black holes are surely different to each other, as we will see, these can be dealt with almost simultaneously.
The organization of this paper is as follows: In the next section, two regular black holes are described. We consider a test real scalar field in the regular black hole background in Sec. 3, and show that, near the horizon, the action for the scalar field reduces to a twodimensional theory in a certain background. In Sec. 4, the flux of the energy-momentum tensor is derived by applying the method of anomaly cancellation to the effective twodimensional theory, and is shown to be the same with the thermal flux at the Hawking temperature. Based on the result, the difference between two regular black holes is discussed.
Regular black holes
In this section, we introduce two regular black holes, the minimal model and the noncommutative black hole, and explain their basic peculiar properties.
Two regular black holes considered here have the common structure that the geometry is static and spherically symmetric,
where f (r) is a function which vanishes at the event horizon. The explicit form of the function f (r) distinguishes the minimal model and the noncommutative black hole, whose descriptions are given below in order.
Minimal model black hole
Let us suppose a metric which behaves like Schwarzschild black hole at infinity as follows
where m is the total mass. As for the behavior near the origin or the center, we require the flatness. This may lead to the following choice
where ℓ is a positive constant. Actually, this is not an ad hoc choice but is the solution of the Einstein equation with the cosmological constant, G µν = −Λg µν , near the origin, when the cosmological constant Λ is chosen as Λ = 3/ℓ 2 .
One possible interpolating function, which asymptotes to (2.2) and (2.3) in the corresponding regions, has been derived in [31] , and its explicit expression is 5) and one can see that it has the minimum value m * = 3 √ 3ℓ/4 when r + = r * .
We note that the minimal model black hole exists only for m ≥ m * as illustrated in 
Noncommutative black hole
We now turn our attention to the noncommutative black hole. It has been shown that noncommutativity eliminates point-like structures in favor of smeared objects in flat spacetime [33] . The effect of smearing is mathematically implemented by replacing the Dirac-delta function in position space with a Gaussian distribution of the width √ θ. In a static and There is minimal mass m * (M * ) to form minimal model black hole (noncommutative black hole). Each black hole has the minimal event horizon for the minimal mass. The minimal event horizons are given by r * = √ 3ℓ for the minimal model black hole and by r * = 2α √ θ for the noncommutative black hole, respectively. In this figure, the minimal horizons are adjusted to have the same value for comparison. spherically symmetric case, the mass density of a gravitational source is chosen to be [32] 
where θ is a constant parameter representing noncommutativity and M is the total mass.
This mass density implies that the total mass is diffused over the region of linear size √ θ.
For a static and spherically symmetric geometry, the energy-momentum tensor is given
From the conservation law, the radial and the tangential pressure are related to the mass density as p r = −ρ θ and p ⊥ = −ρ θ − 1 2 r∂ r ρ θ , respectively. Then, from the Einstein equation, we obtain the line element (2.1) with the function
where γ is the lower incomplete gamma function,
The function of (2.7) leads to the metric for the noncommutative black hole.
Like the case of the minimal model black hole, we see that there are two horizons, that is, the inner (Cauchy) horizon r C and the outer (event) horizon r H , and there exists the minimal mass M * below which no black hole can be formed. These are illustrated in Fig. 3 . Let us now evaluate the minimal mass. First of all, from f (r H ) = 0, we obtain the relation between the total mass and the event horizon as follows:
where γ H = γ . Based on this relation, we can plot a graph shown in Fig. 2 , and see the presence of the minimal mass M * . We hope to have the explicit expression of M * .
However, the analytical evaluation is not an easy task because the relation (2.9) contains an incomplete gamma function. So we take the numerical evaluation of M * . Before doing that, it is convenient to hide the noncommutativity parameter θ. This is accomplished by redefining quantities in the red-shift function f (r) as
Then, the redefined red-shift function leads us to have
. By solving this and returning back to the original quantities, we get r * = 2α √ θ and M * = √ πθ/(4α 2 e −α 2 ), where α ≡ r ′ * is purely a numerical constant determined by
A numerical evaluation gives α ≈ 1.51122, and thus we finally get r * ≈ 3.02244 √ θ and
Quantum field near the horizon
We now consider a real free scalar field in the regular black hole background, Eq. (2.1), and investigate its action near the horizon. Although we are dealing with two regular black holes characterized by functions (2.4) and (2.7), the difference between them is not important in this section. It is sufficient to know that both of the regular black holes have the same metric form.
The action for the real scalar field ϕ in the background, Eq. (2.1), is evaluated as
where ∇
2 Ω denotes the Laplacian on unit two sphere. If we perform a wave decomposition of ϕ in terms of spherical harmonics ϕ = ℓ ϕ ℓ Y ℓ (ϑ, φ), where ℓ is the collection of angular quantum numbers of the spherical harmonics and ϕ ℓ depends on the coordinates, t and r, then we see that the action is reduced to a two-dimensional effective theory with an infinite collection of fields labeled by ℓ. Next, in order to see what happens near the horizon, it is helpful to take a transformation to the tortoise coordinate r * , which, in our case, is defined by ∂r * /∂r = 1/f (r), and leads to dr = dr * f (r(r * )). If we now go to the region near the horizon, the factor f (r(r * )) appears to be a suppression factor vanishing exponentially fast, and thus the terms in the action which do not have some appropriate factor compensating it can be ignored. In the present case, one can easily see that the terms coming from the Laplacian on unit two sphere are suppressed by f (r(r * )). We note that the suppression also takes place for the mass term or the interaction terms of ϕ when they are included in the action (3.1).
After all, the action near the horizon becomes
One can check that this action describes an infinite set of massless two-dimensional scalar fields in the following background:
where Φ is the two-dimensional dilaton field.
Anomalies and Hawking fluxes
In this section, having the two-dimensional effective theory near the horizon (3.2) and the background (3.3), we are going to consider the problem of Hawking radiation following the approach based on the anomaly cancellation proposed in [2, 4] . Before starting, we would like to note that the two regular black holes distinguished by different f 's, (2.4) and (2.7), can be treated simultaneously. However, the final results will, of course, turn out to be different.
The anomaly approach of [2] begins with an observation that, since the horizon is a null hypersurface, all ingoing (left moving) modes at the horizon can not classically affect physics outside the horizon. This implies that they may be taken to be out of concern at the classical level and thus the effective two-dimensional theory becomes chiral, that is, the theory only of outgoing (right moving) modes. If we now perform the path integration of right moving modes, the resulting quantum effective action becomes anomalous under the general coordinate transformation, due to the absence of the left moving modes. However, such anomalous behaviors are in contradiction to the fact that the underlying theory is not anomalous. The reason for this is simply that we have ignored the quantum effects of the classically irrelevant left moving modes at the horizon. Thus anomalies must be cancelled by including them.
The above argument implies that anomaly is localized at the horizon r H . In order to avoid some possible difficulties due to the sharp localization of the anomaly, it is convenient to regard the quantum effective action to be anomalous in an infinitesimal slab, r H ≤ r ≤ r H +ǫ, which is the region near the horizon. The limit ǫ → 0 is taken at the end of the calculation.
This leads to a splitting of the region outside the horizon, r H ≤ r ≤ ∞, into two regions, r H ≤ r ≤ r H + ǫ and r H + ǫ ≤ r ≤ ∞. Then there will be the gravitational anomaly near the horizon, r H ≤ r ≤ r H + ǫ.
What we are interested in is the problem of determining the flux of the energy-momentum tensor through the cancellation of the gravitational anomaly. Since the region outside the horizon has been divided into two regions, we first write the energy-momentum tensor as a sum
where Θ + (r) = Θ(r − r H − ǫ) and H(r) = 1 − Θ + (r). Among the components of the energymomentum tensor, only the flux in the radial direction, T r t , is of concern to us. Apart from the near horizon region, r H + ǫ ≤ r ≤ ∞, it is conserved
On the other hand, in the near horizon region, r H ≤ r ≤ r H + ǫ, we have anomalous conservation equation [2] as
where
The prime denotes the derivative with respect to r.)
The non-vanishing term in the right-hand side is due to the gravitational anomaly for the consistent energy-momentum tensor [34] . Now it is not a difficult task to integrate Eqs. (4.2) and (4.3) and obtain
where a o and a H are integration constants. Here a o is the energy flux which is of our concern.
Next, we consider the variation of quantum effective action W under a general coordinate transformation in the time direction with a transformation parameter ξ t : future horizon [5] . Then, from the expression of the covariant energy-momentum tensor [35, 36] ,
where κ is the surface gravity at the horizon, Intriguing thing is that this is the same as that of the Reissner-Nordström black hole when the electric charge of the black hole is given by Q = √ 3ℓ. If we turn to another black hole, the noncommutative black hole, the function f in Eq. (2.7) leads us to We see that two Hawking temperatures are obviously different and thus lead to the different expressions for the flux. However, we would like to note that they have the similar pattern in terms of the position of the event horizon as shown in Fig. 4 . Such pattern may be argued to be a characteristic feature of regular black holes, which is distinguished from, for example, that of the Schwarzschild black hole.
